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a b s t r a c t
In this paper, we obtain new soliton solutions of the generalized Zakharov equations by the
well-known He’s variational approach. The condition for continuation of the new solitary
solution is obtained.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper, we consider the following generalized Zakharov equations with nonlinearity:
iEt + Exx − 2β|E|2 + 2FE = 0 (1)
Ftt − Fxx + (|E|2)xx = 0. (2)
In the past decades, several powerful methods have been developed to construct many types of exact solutions
of nonlinear partial differential equations (PDEs) [1–9]. New works about Zakharov equations can be found through
Refs. [10,11]. There are new approximate methods as well as the ones introduced by us; for instance, DTM and Max–Min
approaches that can be found through Refs. [12,13].
In this paper, we apply He’s variational approach [1,14] to obtain soliton solutions of the generalized Zakharov
equation. The Zakharov–Kuznetsov equation [15] is one of two well-studied canonical two-dimensional extensions of
the Korteweg–de Vries equation [16]; the other being the Kadomtsev–Petviashvilli equation [17]. In contrast to the
Kadomtsev–Petviashvilli equation, the Zakharov–Kuznetsov equation has so far never been derived in a geophysical fluid
dynamics context. For a derivation of the Kadomtsev–Petviashvilli equation for internal waves; see [18]. Whereas the
Kadomtsev–Petviashvilli equation is valid in isotropic situations, the Zakharov–Kuznetsov equation is valid in anisotropic an
setting which is exactly the case for rotating fluids where the differential latitudinal dependence of the rotation rate causes
anisotropy between the meridional and the longitudinal directions. Moreover, in contrast to the Kadomtsev–Petviashvilli
equation, the Zakharov–Kuznetsov equation supports stable lump solitary waves. This makes the Zakharov–Kuznetsov
equation a very attractive model equation for the study of vortices in geophysical flows.
The main aim of this paper is to present the new type of solitary solution [8] for the generalized Zakharov equation. To
the best of author’s knowledge no attempt has been made for the generalized Zakharov equation in this form of solitary
solution [8].
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2. He’s variational principle
Zhang [9] assumes the solitary wave solution of the GZE by assuming the solution in the following frame:
E(x, t) = v(ξ)ei(mx−nt), ξ = x− Ut (3)
where the real function v and constant wave speed U are to be further determined andm, n are constants.
Substituting Eq. (3) into Eq. (1) gives
v′′ + (Um+ n−m2)v − 2βv3 + 2Fv = 0. (4)
Defining α = −Um− n+m2, Eq. (4) becomes
v′′ − (α − 2F)v − 2βv3 = 0. (5)
Assuming F(x, t) = ψ(ξ) = ψ(x− Ut), we have
Ft = dψdξ
dξ
dt
= −Uψ ′; Ftt = U2ψ ′′; Fx = dψdξ
dξ
dx
= ψ ′; Fxx = ψ ′′. (6)
Substitution Eq. (6) into Eq. (2) gives
(U2 − 1)ψ ′′ + (v2)′′ = 0. (7)
Integrating Eq. (7) with respect to ξ twice, we obtain
(U2 − 1)ψ ′ + (v2)′ = k1 (8)
(U2 − 1)ψ + v2 = k1ψ + k2 (9)
where k1 and k2 are constants of integration. We set k1 = 0 and k2 = 0 for simplicity, Eq. (9) reduces
ψ = 1
1− U2 v
2. (10)
Eq. (5) becomes
v′′ − αv +

2
1− U2 − 2β

v3 = 0. (11)
According to Ref. [5], a variational formulation should be established using the semi-inverse method [1,19,20,14]:
J =
∫ ∞
0
[
1
2

(v′)2 + α
2
v2 − 1
2

1
1− U2 − β

v4
]
dξ . (12)
We assume the solitary wave solution in the following form [8]:
v(ξ) = A sec h(ξ) (13)
where A is constant to be further determined.
Substituting Eq. (13) into Eq. (12) results in
J = A
2(2A2βU2 − 1+ U2 − 3α + 3αU2 + 2A2 − 2A2β)
6(U2 − 1) . (14)
For making J stationary with respect to A
∂ J
∂A
= 0, (15)
A

2A2βU2 − 1+ U2 − 3α + 3αU2 + 2A2 − 2A2β
3(U2 − 1) +
A2

4AU2β + 4A− 4Aβ
6(U2 − 1) = 0.
A =

(1− U2)(3α + 1)
4(βU2 − β + 1) . (16)
Therefore Eq. (13) becomes
v(ξ) =

(1− U2)(3α + 1)
4(βU2 − β + 1) sec h(ξ). (17)
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So the solitary wave solution can be obtained as
E(x, t) = A sec h(ξ)ei(mx−nt) =

(1− U2)(3α + 1)
4(βU2 − β + 1) sec h(ξ)e
i(mx−nt) (18)
F(x, t) = ψ(ξ) = 1
1− U2 v
2
= 1
1− U2
(1− U2) (3α + 1)
4(βU2 − β + 1) sec h
2(ξ)
= (3α + 1)
4(βU2 − β + 1) sec h
2(ξ). (19)
We search another soliton solution in the form [8]
v(ξ) = D sec h2(ξ), (20)
where D is an unknown constant to be further determined.
Substituting Eq. (20) into Eq. (12), we get the following form
J = D
2

28U2 − 24D2β − 28+ 35αU2 − 35α + 24D2 + 24D2βU2
105(U2 − 1) . (21)
For making J stationary with respect to D
∂ J
∂D
= 0,
2D

28U2 − 24D2β − 28+ 35αU2 − 35α + 24D2 + 24D2βU2
105(U2 − 1) +
D2
−48Dβ + 48D+ 48DβU2
105(U2 − 1) = 0.
(22)
D =

7(1− U2)(5α + 4)
48(βU2 − β + 1) . (23)
Therefore Eq. (20) becomes
v(ξ) =

7(1− U2)(5α + 4)
48(βU2 − β + 1) sec h
2(ξ). (24)
So the solitary wave solution can be obtained as
E(x, t) = D sec h2(ξ)ei(mx−nt) =

7(1− U2)(5α + 4)
48(βU2 − β + 1) sec h
2(ξ)ei(mx−nt) (25)
F(x, t) = ψ(ξ) = 1
1− U2 v
2
= 1
1− U2
7(1− U2)(5α + 4)
48(βU2 − β + 1) sec h
4(ξ)
= 7(5α + 4)
48(βU2 − β + 1) sec h
4(ξ). (26)
3. Conclusion
In this paper, we used a successful variational principle algorithm for the generalized Zakharov equation. This paper
represents the new type of solitary solution for the generalized Zakharov equation. He’s variational principle is a very
dominant instrument to find the solitary solutions for various nonlinear equations.
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